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ABSTRACT
The scattering of electromagnetic wave by a homogeneous infinitely long circular cylinder
is presented. The parameters required to describe the characteristic of the radiation
scattered or absorbed include the Mie coefficients, the scattered intensity, efficiency
factors for scattering, absorption and extinction. The efficiency factors are investigated as
function of the size parameter x for various values of the refractive index m. The scattered
intensity in the forward and backward directions is also investigated as function of the size
parameter for both Transverse Magnetic (TM) and Transverse Electric (TE) modes. It was
found that, absorption increases when the imaginary part of the refractive index increases.
Keywords: Electromagnetic wave scattering, infinite circular cylinder, Transverse Electric,
Transverse Magnetic, Scattered Intensity, Mie coefficient

1.0 Introduction
When an electromagnetic radiation interacts
with a particle, part of it is scattered and part
is absorbed. These two processes remove
energy from the incident radiation. The effect
is called extinction (attenuation of the
original radiation). Many approximations were
formulated in order to explain the scattering
of electromagnetic waves. Some of these
include Rayleigh scattering (Rayleigh, 1871),
Rayleigh-Gans Approximation (Barber and Hill,
1990), Van de Hulst’s Approximation (Van de
Hulst, 1969) and Mie Scattering (Bohren and
Huffman, 2004). The earliest investigation on
the scattering of light by particles is very
small compared with the wavelength of the
incident radiation that was carried out by
Lord Rayleigh in1871. He showed that the
intensity of the scattered light is proportional
to the fourth power of the frequency of the
incident radiation. The theory applies in the

limit x << 1 and xm−1<<1, where a
λ

2π
x = ,

with λ the wavelength of the incident
radiation, a is the radius of the scattering
particle, while m is the refractive index of the
scattering particle. Therefore, Rayleigh
scattering occurs when the particles causing
the scattering are smaller in size than the
wavelengths of radiation in contact with them.
Rayleigh-Gans approximation is used for
somewhat larger particles, provided their
properties do not differ appreciably from
those of the surrounding medium. Additional

conditions are that both m-1 and 2xm-1
must be small. This approximation is
applicable to non-spherical particles including
non-homogeneous particles (Deimendjian,
1969).
The Van de Hulst Approximation is applicable

to spheres of arbitrary size provided m→ 1.
This approximation is most successful in
estimating the scattering and absorption
cross-section of transparent spheres and even
weakly absorbing ones, of a size comparable
to the wavelength (Barber and Hill, 1990).
The Mie theory was formulated by Gustav Mie
in 1903 by applying the Maxwellian
electromagnetic field theory to the problem
of a homogeneous sphere irradiated by plane
waves from a single direction. The theory has
proved to be the most successful as it deals
with both small and large particles of
arbitrary refractive index m.
The Mie theory was initially formulated to
deal with the scattering of electromagnetic
waves by homogeneous and isotropic spherical
particles. But it has now been modified to
deal with inhomogeneous and anisotropic non-
spherical particles, ellipsoidal and cylindrical
particles.
While a great many computation have been
carried out for light scattering from spherical
particles based upon the exact solution given
by Mie, nothing of a theoretical nature has
been set down to predict scattering from a
large non-spherical particles such as a
cylinder.
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In this research, we shall consider the
scattering of electromagnetic waves by an
infinite cylindrical particle using the Mie

theory. The geometry of the infinite circular
cylinder is shown in figure 1

Figure 1: Geometry of the infinite circular
cylinder: showing coordinate and orientation
of the vectors used in the cylinder (Lio Kuo-
Nan, 1972).
The z- axis is along the axis of the cylinder,
the x- axis is in the plane containing the z-
axis and the direction of incidence, and the y-
axis perpendicular to this plane. The
coordinates r and θ are defined by:

θcosrx = θsinry =
(1.0.1)
1.1 Boundary conditions
The electromagnetic field is required to
satisfy the Maxwell equations at points where
E and H continuous. However, as one crosses
the boundary, between particle and medium,
there is in general a sudden change in these
properties. This change occurs over a
transition region with thickness of the order
of atomic dimensions. From a macroscopic
point of view, therefore, there is a
discontinuity at the boundary. At such
boundary points we impose the following
conditions on the fields (Bayvel L. P. and
Jones A. R., 1981)
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(1.1.1)

where ZandHE, are electric field,

magnetic field and characteristic impedance.
The boundary conditions above are the
requirements that the tangential components
of E and H are continuous across a boundary
separating media with different properties.

1.2 Theoretical Background
For a periodic electromagnetic field with a
circular frequency Maxwell equations can be
expressed as (Bayvel L. P. and Jones A. R.,
1981):

}
(1.2.1)

The electric and magnetic field vectors in a
homogenous medium satisfy the following
vector wave equations:

0222 =+∇ AmkA
��

(1.2.2)

where k is the wave number in vacuum and

m is the complex refractive index of the

scattering medium.
If ψ satisfies the scalar wave

equation

0222 =+∇ ψψ mk

(1.2.3)
then the scalar wave equation (1.2.3) in
cylindrical coordinate can be expressed as:
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where ρ is a constant.

This equation is separable by letting

( ) ( ) ( )zZrRzr φφψ Φ=),,(

(1.2.5)
On substitution into (1.2.4) and dividing
through by

)()()(),,( zZrRzr φφψ Φ= ,

we have
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The second to the last term depends only on z
and the first and second (taken together)

depends only on r and φ . Taking the

separation constant to be
2
za we have

2
2

21
za

dz

Zd

Z
=

(1.2.7)
This follows that equation (1.2.6) becomes
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Multiplying equation (1.2.8) by
2r we obtain
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Observe that the second term depends only on

Φ and the other terms depends only on r .
Taking the second separation constant to be

2γ− , we find

2
2

21 γ
φ

−=Φ
Φ d

d

(1.2.10)
where γ is a separation constant.

So that

( ) φφφ mDmC sincos +=Φ

Replacing the second term by
2m− and

multiply by R we get

( )[ ] 02222 =−−+
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(1.2.11)
This is a Bessel equation whose solutions are
the cylindrical Bessel function (Riley and
Horbson, 2006).

( ) ihz
n ehrz −− 222ργ

(1.2.12)
Since within a homogenous, isotropic medium
every electromagnetic field may be
represented by a linear combination of wave
functions, then solution of eqn. (1.2.12) can
be written in the form

,)]([ 222 tiihz
n

in
n ehrZe ωφ ργψ +−−=

(1.2.13)

where h is an arbitrary constant, n is an

integer, and nZ is any Bessel function of

order n .

The components of the vectors M
�

and N
�

for

the solution of this form are:
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Suppose that u and v are two orthogonal
solutions of equation (1.2.11). Then Maxwell
eqns. (1.2.1) are satisfied by the field vectors
defined by

( )




+−=

+=

vu

uv

NiMH

NiME
���

���

γ

(1.2.15)
A plane wave traveling in vacuum in the
direction as indicated in Fig. 2.1 can be
represented by the scalar wave function
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where αsinkh = and αcoskl = . The corresponding vectors M and N are derived from the curl

in rectangular coordinate. Hence,

The components of ψ)âx(M zψ ∇=
��

and ψψγρ MN
���

×∇= in rectangular coordinates can be

written as
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This solution may be used to construct a plane electromagnetic wave traveling in the same
direction.
2.0 Computational procedures
The calculations performed in this work were done using a FORTRAN program developed by
Barber and Hill, (1990 See Appendix for summary). The Mie functions were computed using the
improved algorithm of Cai and Shen (2005) in collaboration with the program mentioned above.
The program consists of a MAIN routine and two subroutines. Subroutine CYLDR calculates the
scattering coefficients and subroutine BESH calculates Bessel function of the first and second
kind.
2.1 Main Routine

(a) Since an
iwte−

time variation is used in the derivation of the scattering solution, the complex

index of refraction is given by
''' immm += . Program inputs are

'm and
''m .Therefore

''m should

be entered as a positive number for absorption.
(b) The intensity against scattering angle calculation requires that the increment in scattering

angle, dlt, be specified as an input. This should be selected so that the ratio dlt/180 is an

integer because of the way in which the number of scattering angles is calculated. For example,

dlt can be 0.1, 0.25, or 2.0, but not 7, or 92.

(c) The intensity against size parameter and intensity against size parameter calculations can be
made for increments in size parameter or increments in inverse size parameter. In the second
case, the calculations are made in order of increasing inverse size parameter.
2.2 Cyldr
(a) The index of the algorithm derivative, Bessel functions, and scattering coefficients are

incremented by one to avoid the need for zero subscripts in the program. For example,

amat (Van de Hulst, 1969) in the program is the logarithmic derivative 0A . Comparison of

the expression for amat )(n in the do 20 loop with the amplitude function should clarify

the relationship.
(b) The downward recursion of the logarithmic derivative is done in two steps to avoid

having to store functions for cnn > . These higher index functions are not used in

subsequent calculations.
(c) The scattering coefficient calculation obtained depends on which polarization is

selected.
(d) Calculation of the zeroth mode scattering coefficient requires Bessel and Hankel

functions of order -1. These are obtained by using

11 ZZ −=− ,

where Z represents either of the functions.
2.3 Besh
(a) Bessel functions of the first kind and second kind are generated using downward recursion
and upward recursion, respectively, using the basic recursion relationship, (Gupta, 2010).

)(
2

)()( 11 xJ
x

n
xJxJ nnn =+ +− . (2.3.1)
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(b) The downward recursion for Bessel
functions of the first kind begins with two
successive functions equal to 0.0 and

3510−
and produces functions proportional to

the Bessel functions rather than the actual
Bessel functions. The constant of
proportionality between the two sets of
functions is obtained by enforcing the
relationship (Mason, J. P. 1983)

.12
1

2 =÷ ∑
∞

=m
me JJ

(2.3.2)

Bessel functions of the second kind are
calculated using upward recursion starting
with a function of order zero obtained from a
series solution and a function of order one
obtained from the Wronskian relating Bessel
functions of the first and second kinds for
orders zero and one (Bohren and Huffman,
2004).
The accuracy of the calculated Bessel
functions directly affects the validity of the
final calculated scattering results.

3.0 RESULTS AND DISCUSSIONS
Transverse Magnetic (TM) and Transverse Electric (TE) polarizations.

Figure 3.1(a) Angular scattered intensity for a circular cylinder with a size parameter of 50 and
index of refraction of 1.5 for TM polarization

Figure 3.1 (b): Angular scattered intensity for a circular cylinder with a size parameter of
50 and an index of refraction of 1.5 for TE polarization.
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Fig. 3.1a and b presents results for both TM
and TE polarizations states. In both figures
the scattering angle corresponds to the

angle φ , that is, the angle is measured from

the forward direction (the direction of

propagation of the incident wave) to the back
ward direction. The scattering for both
polarizations is similar. There is a strong
diffraction peak in the forward direction and
the angular distribution oscillates rapidly at
higher angles.

3.2 Angular scattering of absorbing
cylinder

Figure 3.2 Angular scattered intensity for a
slightly absorbing circular cylinder with a size
parameter of 50 and a complex index of
refraction of 1.5 + i0.01 for TM polarization.

Figure 3.2 shows the angular scattering for
condition identical to those of figure 3.1
except that the index of refraction includes a
small imaginary component [+i0.01], that is
the cylinder is absorbing. Although the
forward peak is unchanged from the non
absorbing result, the angular distribution at
higher angles is markedly different and the
intensity is generally reduced from the non
absorbing result shown in the graph of TM
“When a scattering particle is absorptive for
which the index of refraction is a complex
quantity, electromagnetic waves refracted
into a particle are inhomogeneous such that
the planes of constant phase deviate from
those of constant amplitude” (Yang and Lion,
2009). The forward peak is unchanged
because it is primarily a result of diffraction

and is therefore
independent of the

index of retraction of the cylinder.
However, the scattered intensity at higher
angles results from interaction with the
material inside the cylinder and is
consequently reduced when the cylinder is
absorbing.
4.0 Conclusions
In this work it has been found that for both
TM (Transverse Magnetic) and TE (Transverse
Electric) polarizations states, there is a strong
diffraction peak in the scattered intensities in
the forward direction and the angular
distribution oscillates rapidly at higher angles.
For absorbing cylinders the intensity
decreases at higher angles. The forward peak
is unchanged because it is primarily a result of
diffraction and is independent of the index of
refraction of the cylinder. At higher angles,
the scattered intensity results from
interaction with the material inside the
cylinder and is consequently reduced when
the cylinder is absorbing. The behaviors of
these parameters that have been investigated
as functions of the scattering angle, size
parameter and the index of refraction are the
vital quantities needed for characterizing
cylindrical particles.
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5.0 Appendix
c ..................................................................
c . Light Scattering by Particles: Computational Methods .
c . by P.W. Barber and S.C. Hill .
c . copyright (c) 1990 by World Scientific Publishing Co Pte Ltd .
c . .
c . equation numbers in columns 73-80 are references to the text .
c ..................................................................
c .............................................................
c . calculate the scattering by an infinite cylinder .
c . illuminated at normal incidence for three cases: .
c . case 1: efficiency (Qe, Qs and Qa) vs size parameter .
c . case 2: intensity at a specific angle vs size parameter .
c . case 3: intensity vs scattering angle .
c . inputs: ic = case .
c . ip = polarization par (TM) or perp (TE) .
c . cm = complex index of refraction, (real,imag) .
c . (imag is positive for absorption) .
c . x = size parameter (ka) .
c . x1 = lowest value, xn = highest value .
c . ang = scattering angle, degrees .
c . dlt = increment in scattering angle, degrees .
c . npnts = number of points .
c . .
c . dimension of arrays cf(*), amat(*) and by(*): .
c . nc = int(x+4.05*x**.3333+2.0), e.g., for x = 200, .
c . nc = 225 .
c . .
c . dimension of array bj(*): .
c . nst+1 = nc+int((101.0+x)**.5)+1, e.g., for x = 200, .
c . nst+1 = 243 .
c . .
c . arrays are set for a maximum size parameter of 200 .
c .............................................................
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