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ABSTRACT
In many instances, the demand for inventory items fluctuates with time. The demand may
increase, decrease or remain constant with time. An economic order quantity model for
ameliorating items with time dependent demand is hereby developed. Stocked items are
said to be ameliorative when they incur a gradual increase in quality, quantity or both
with time. In this paper a model that determines the optimal replenishment cycle time
such that the total variable cost is minimized is formulated. Numerical examples are given
to illustrate the derived model.

INTRODUCTION
Demand for inventory items fluctuates with
time. The harvest for foodstuff in many
developing countries for instance, is periodic.
As the largest parts of the population are
landless, the demand for these items remains
almost constant throughout the year. Even
the farmers may not always have the
capacity to cultivate enough to last them the
session and may be forced to sell whole or
part of their harvest and thus resort to buying
food items from the market towards the end
of planting session. Hence, the rate of
demand for foodstuffs remains partly
constant and increases partly with time.
One of the constraints of the classical EOQ
model is its requirement for constant rate of
demand. In real life the demand for many
inventory items is found to be a function of
time. The first EOQ model developed to
overcome the constant demand constraint
was by Donaldson (1977) who developed an
EOQ model for a linear positive trended
demand. Donaldson maintained that the
quantity ordered at replenishment point
should be the product of the current
instantaneous demand rate and the elapsed
time since the last replenishment. Barbosa
and Friedman (1978) presented a demand
function of time in a polynomial form of

,)( 1−= γαttD where γα  and are constants

with 1 >γ for increasing demand and

1 =γ for constant demand. Silver and Meal

(1973) studied an approximate solution
procedure which was developed for the
general case of deterministic time dependent
demand. He took a case of positive linear
trend which gave a simple decision rule and
represented the expression for the rate as

,)( 21 ttD λλ += where 1λ is the demand rate

at t = 0 and 2λ is the trend value. Silver used

this method to simplify the problem
introduced by Donaldson (1977). Henry (1979)
then investigated the model developed by
Donaldson (1977) for a general case of
increasing demand. He showed that the
system of reorder times is uniquely well-

behaved and when the demand )(tD is log-

concave, that is when the derivative of

)(log tD is a decreasing function of time.

The Donaldson model was extended by Ritche
(1984) to include the case of unbounded
linear increasing demand which makes the
optimal solution much easier to obtain. The
work of Ritche (1984) was extended by Ritche
and Tsado (1985) by presenting an important
consequence of the optimal solution for
unbounded linear increasing demand.
Later, Deb and Chaudhuri (1987) studied an
inventory replenishment policy for items
having a deterministic demand pattern with a
linear trend and shortages. They also
developed a heuristic to determine the
decision rule for selecting the times and sizes
of replenishment over a finite time-horizon
so as to keep the total costs minimum. The
work was extended by Murdeshwar (1988)
who studied an optimal solution for the
inventory replenishment policy for linear
increasing demand taking shortages into
consideration. A deterministic model for
items having linear trend in demand and
shortages with constant rate of deterioration
was developed by Goswami and Chaudhuri
(1991). Chung and Ting (1993) developed a
heuristic for replenishment of deteriorating
items with linear trend in demand with no
shortages.
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Yang and Rand (1993) studied an analytic
eclectic heuristic for replenishment with
linear increasing demand. They noted that
most of the methods used to determine the
replenishment policy for a linearly increasing
demand were of the same structure and
differed only by a single parameter in an
equation. Hence, they proposed an analytic
algorithm so that a near-optimal solution can
be obtained by varying the parameter within
a certain range. Teng et al. (2004) proposed
an inventory replenishment policy for
increasing demand where a hybrid solution to
the problem was presented by using an
approximate whole cost to find the number
of replenishment and then used the
Donaldson (1977)’s analysis to obtain the
optimal replenishment times. Beckherouf
(1995) developed an algorithm for solving the
problem of determining an optimal
replenishment policy for inventories of
perishable goods with constant rate of
deterioration and with decreasing demand
rate over a certain time period. This policy
was adopted in the model of Chakrabarti and
Chaudhuri (1997) for an inventory of a
perishable commodity with linear trend in
demand.
The time value of money was incorporated
into a linearly trended inventory by Chung
and Tsai (2001) where they developed an EOQ
model for deteriorating inventory with
shortages and linear trend in demand where
the time value of money was considered. The
method they employed involved using a
simple solution algorithm and a line search to
determine the optimal interval which yields
positive inventory. Goyal and Giri (2001)
developed an inventory model to determine a
simpler way to obtain replenishment intervals
for an inventory with linear decreasing
demand rate. A production inventory model
for a deteriorating inventory with linear
trend in demand and shortages was studied
by Sana et al. (2004). They assumed
production rate to be of the form,

[ ] form  theof rate demand  theand ,0 ,21 TttP ∈+> λλ

.0,0 ,)( 2121 ≠≥+= λλλλ ttD
An EOQ model for a deteriorating item with
time dependent quadratic demand under
permissible delay in payment was studied by
Khanra et al. (2011) for a deteriorating item
having time dependent demand when delay

in payment is permissible. The deterioration
rate is assumed to be constant and the time
varying demand rate is taken to be a
quadratic function of time. In the paper they
derived a mathematical model under two
different circumstances,
i.e. Case I: The credit period is less than or
equal to the cycle time for settling the
account and
Case II: The credit period is greater than the
cycle time for settling the account. The
results were illustrated with numerical
examples and justification for considering a
time quadratic demand and permissible delay
in payment were discussed.
Chakrabarti et al. (1998) proposed an EOQ
model for inventory items with Weibull
distribution deterioration, shortage and
linear demand. Later different models
involving inventories with time dependent
demand with Weibull deterioration were
studied by a lot of researchers. For instance,
Chaudhary and Sharma (2013) studied an
inventory model with Weibull deterioration
with time dependent demand and shortages..
The model was studied to show that the rate
of deterioration follows the Weibull
distribution with two parameters and
allowing a completely backlogged shortage.
An Inventory Model for Weibull Deteriorating
Items with Linear Demand and Shortages
under Permissible Delay In Payments and
Inflation was developed by Patel and Patel
(2013).The paper studied an EOQ model when
demand rate is a linear function of time,
deterioration is two parameter Weibull
distribution and inventory holding cost is a
linear function of time under inflationary
conditions with permissible delay in payments.
Shortages are allowed and are completely
backlogged.
It is observed in the marketplace that the
value or utility or quantity of some
commodities increases with time. It is a
common knowledge in wine manufacturing
industries, the utility or value of some wine
increases with age. Also in farming yards the
amount or quantity of high breed fishes, fast
growing animals like broiler, pig, and so on,
increases with time in the growing phase.
Such property is referred to as amelioration
and items with this property are said to be
ameliorating items. The first EOQ model of
ameliorating items was established by Hwang
(1997) and Hwang (1999).
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Later, Moon et al. (2005) discussed
analytically an EOQ model of ameliorating
and deteriorating items. They developed
models with zero-ending inventory for fixed
order interval over a finite planning horizon,
considering, linear trend in demand,
shortages, effects of inflation and time value
of money.
Hwang et al. (2005) studied an optimal
issuing policy for fish-breeding supply center
for items with Weibull amelioration in which
they develop ameliorating inventory models
to find optimal issuing policy in fish-breeding
supply center. They considered two issuing
policies, that is, FIFO (first-in-first-out) and
LIFO (last-in first-out), to determine optimal
issuing policy. Hwang et al derived the
equations of inventory levels for both the
policies and developed two ameliorating
inventory models to find the Economic Order
Quantity (EOQ) and the Economic Selling
Quantity (ESQ). They also developed a
computer program which they use in a fish-
breeding supply center problem to show the
effectiveness of the proposed models.
Thereafter, researchers expended much
energy in studying different policies of
ameliorating items with different parameters
and demand patterns. For instance, an
interesting multi-item EOQ model was
established by Sana (2010) when the time
varying demand is influenced by enterprises’
initiatives like advertising media and
salesmen’ effort. The model was developed
for deteriorating and ameliorating items with
capacity constraint for storage facility. The
effect of inflation and time value of money in
the profit and cost parameters was also
considered. Sana maximized the associated
profit function using Euler–Lagrange’s method,
and illustrated it by various time varying
demands like quadratic, linear and
exponential demand functions.
Recently, Kandpal and Tinani (2013)
developed a stochastic inventory model for
ameliorating items under suppliers’ trade
credit policy to determine an optimal
ordering policy for ameliorating items under
permissible delay of payment and allowable
shortage for future supply uncertainty for
two suppliers. The models introduced the
aspect of part payment where a part of the
purchased cost is to be paid during the
permissible delay period. They used spectral

theory to derive explicit expression for the
transition probabilities of a four state
continuous time Markov chain representing
the status of the systems. They used these
probabilities to compute the exact form of
the average cost expression and also used
concepts from renewal reward processes to
develop average cost objective function.
An inventory model for Weibull
ameliorating/deteriorating items under the
influence of inflation was also studied by
Misra et al. (2013) with the objective of
discussing the development of an inventory
model for ameliorating items in which the
replenishment is instantaneous under cost
minimization in the influence of inflation and
time value of money. A time varying type of
demand rate with infinite time horizon,
constant deterioration and without shortage
is considered.
The effects of inflation and time discounting
on an inventory model with general ramp
type demand rate, time dependent (Weibull)
deteriorating/ameliorating rate and partial
backlogging of unsatisfied demand was
studied by Valliathal and Uthayakumar (2013).
They studied the model under the
replenishment policy, starting with shortages
under two different types of backlogging
rates, and provided their comparative study.
In our present study, we formulate inventory
models that determine an optimal ordering
quantity at minimum inventory costs for
ameliorating items where the rate of
amelioration is constant but the demand is
linearly dependent on time. Industrialists and
other stock keepers who deal in such
inventories could use the models to optimize
profits and prevent wastages and pilferages,
2. Assumptions and Notation
The proposed ameliorating inventory model is
developed under the following assumptions
and notation:

• The inventory system involves only
one single item.

• Amelioration occurs when the items
are effectively in stock.

• The cycle length is T.

• The initial stock level is I0.

• The inventory carrying cost in a cycle
is .

• The unit cost of the items is a known
constant C and the replenishment cost is also
a constant per replenishment.
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• The demand rate per unit time R is
dependent on time.

• The total demand in a cycle is

• The rate of amelioration A is constant.

• The ameliorated amount when
considered in items of value (say weight) in a
cycle is

• Inventory ordering charge per unit i,
is a known constant.
3. THE MODEL: Find below in Figure 3.1, the
graph shape of the inventory movement with
an ameliorating inventory system with time
depended demand.

Inventory I0

level

0 T
Time

Fig 3.1: Graph representing the movement of the inventory

The graph depicts an Inventory Movement in
an ameliorating inventory environment.
During the time interval

amelioration occurs at a constant rate A and
the demand rate is time dependant. Let I(t)

be the on hand inventory at time t 0, then

at time t + , the on hand inventory in the

interval (0,T) undergoes amelioration and at
the same time being depleted by demand.
Hence, the curve moves upward until it
reaches a level where exhaustion due to
demand overpower the amelioration and the
on hand inventory, I(t), curved downward
until it vanishes completely at T. The
differential equation that describes the
instantaneous state of inventory level I(t) is
given by

[ ] ,)()( bttAItI
dt

d −=−

(3.1)
The solution of the above equation is given
by:

AtkebAbt
A

tI ++= )(
1

)(
2

(3.2)
where k is a constant. Applying the boundary
condition at and substituting

these values in equation (3.2) yields

k
A

b
I +=

20

So that
20 A

b
Ik −=

(3.3)
Substituting equation (3.3) into equation
(3.2), we obtain;

AtAt eIeAt
A

b
tI 02 )1()( +−+=

(3.4)
Also when t = T, I(t) = 0. Hence equation (3.4)
becomes-

ATAT eIeAT
A

b
02 )1(0 +−+=

)1(
20

ATAT eAT
A

b
eI −+−=

220 )1(
A

b
eAT

A

b
I AT ++−= −

(3.5)
Substituting equation (3.5) into equation (3.4)

gives:

AtATAt e
A

b
eAT

A

b
eAt

A

b
tI 




 ++−+−+= −
222

)1()1()(

[ ])(
2 )1()1( TtAeATAt

A

b −+−+=

(3.6)
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The total demand within the time interval T is given by

2
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The ameliorated amount is given by;
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The holding cost in the period T is given by
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The total variable cost in a cycle, (TVC) = Inventory Ordering cost + Holding cost - Cost of
Ameliorated Amount.
That is:
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The total variable cost per unit time TVC(T), is obtained as;
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The above equation is equated to zero to obtain the optimal value of T, that is, T* which

minimizes the total variable cost per unit time provided
[ ]

0
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2

>
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However from equation (7) we have
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4. Numerical Examples and Sensitivity
Analysis
Equation (3.10) is an expression for the total
variable cost per unit time the inventory
system which can be solved using any suitable
numerical method. Newton-Raphson method

for instance could be used to solve the
equation and obtain a solution for T. In each
example, different values were assigned to
the parameters and the optimal cycle length,
T, and the corresponding EOQ were obtained
and recorded as in the table below.
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Table 1: Parameter values and the optimal cycle length for the fifteen numerical examples

S/No. A B C C0 i T EOQ

1. 0.2 50000 250 5000 0.3 0.1836 (67 days) 822

2. 0.2 50000 250 5000 0.4 0.1452 (53 days) 517

3. 0.2 50000 250 5000 0.5 0.1288 (47 days) 407

4. 0.3 30000 250 3000 0.6 0.1260 (46 days) 232

5. 0.4 30000 250 3000 0.6 0.1480 (54 days) 315

6. 0.5 30000 250 3000 0.6 0.1863 (68 days) 489

7. 0.3 30000 250 1000 0.6 0.0904 (33 days) 120

8. 0.3 30000 250 2000 0.6 0.1123 (41 days) 185

9. 0.3 30000 250 3000 0.6 0.1290 (47 days) 242

10. 0.3 30000 200 3000 0.6 0.1370 (50 days) 273

11. 0.3 30000 300 3000 0.6 0.1210 (44 days) 213

12. 0.3 30000 400 3000 0.6 0.1096 (40 days) 176

13. 0.3 10000 300 3000 0.6 0.1753 (64 days) 148

14. 0.3 20000 300 3000 0.6 0.1370 (50 days) 162

15. 0.3 30000 300 3000 0.6 0.1210 (44 days) 213

To visualize the effects of changes in
parameters on the optimal EOQ derived by
the proposed method a sensitivity analysis is
performed by considering the numerical
example above. This is achieved by changing
a parameter and keeping others constant and
the results are shown in Table 1 above. A
careful study of the table reveals the
followings:
(i) EOQ diminishes with rise in i, the
inventory ordering charge per unit and the
days within which the best EOQ is achieved
also diminish.
(ii) The EOQ together with the days within
which it is attained increase with rise in rate
of amelioration.
(iii) As the ordering cost increases, the EOQ
increases and so also the duration it is
achieved.

(iv) The cost of items increases within a short
time as the EOQ decreases.
(v) As the rate of demand soars high, the EOQ
increase within a short interval.
5. Conclusion
The analysis above conforms to real life
expectations. The model conforms to the real
life where the high rate of inventory ordering
charge results in upward increase in total
inventory costs and hence, the diminishing
effect on the EOQ. The model also shows that
the high rate of amelioration results in
enhanced EOQ. The more expensive the
stocked items become the lower the EOQ
becomes. This can be read from the model
where the increased cost of items, C, results
in decreased EOQ. We finally noticed that the
increase in demand rate increases the EOQ
which is attainable within short time.
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