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ABSTRACT  
In this paper, the simplest version of the Gierer-Meinhardt model of morphogenesis is 
studied which is an activator inhibitor system. This is done by determining the positive 
steady states of the system and examining the eigenvalues using linear stability analysis 
of the diffusion less situation. It is shown that the reaction kinetics cannot exhibit 
oscillatory behavior when the degradation rate of the activator is less than one. It is also 
shown that for a pattern to form, the inhibitor must diffuse faster than the activator. 
The conditions that make the system to be driven unstable by diffusion are derived using 
linear stability analysis and the parameter domain where the diffusion-driven instability 
occurs is found. At the bifurcation to such instability, the critical wavenumber of the 
Turing pattern is calculated.  
Keywords: Activator-Inhibitor system, Diffusion-driven instability, Gierer-Meinhardt 
system, Linear stability analysis.  

 
1. Introduction 
In his fundamental paper, Turing (1952) has 
shown that coupled reaction diffusion 
equations are capable of describing 
differentiation and spatial patterns in 
biological or chemical systems. More 
precisely speaking, by the establishment of 
concentration gradients of certain substances 
in an assembly of cells, a pre-pattern is 
formed which triggers, for instance, cell 
differentiation (Babloyantz and Hiernaux, 
1975 and Ruan, 1998). 
Since Turing’s classical paper proposing a 
reaction-diffusion theory of morphogenesis, a 
number of specific two-reactant model 
mechanisms have been proposed, studied 
extensively and applied, with varying degrees 
of plausibility, to a wide spectrum in 
developmental Biology (Murray, 1982). 
Turing also proposed that pattern formation 
during morphogenesis might arise through a 
diffusion-driven instability (or Turing 
Instability) in systems of reacting chemicals. 
In this case, two or more chemicals are 
required to interact in a well defined manner 
in order that a heterogeneous distribution in 
their concentrations is generated. 
Significantly, for a spatially homogeneous 
steady state to be stable in the absence of 
diffusion but unstable to spatially periodic 
perturbations, the diffusion coefficient(s) for 
the chemicals must be distinct (Crampin et 
al, 2002).  

The first experiment to demonstrate Turing 
instability and the formation of patterns in 
chemical systems is the Chlorite-Iodide-
Malonic Acid (CIMA) reaction (Epstein and 
Pojman, 1998).  
The simple existence of Turing instability, 
however, is not sufficient to explain pattern 
formation. Since there is a strong positive 
feedback on the increase of the activator, 
there would be an unlimited increase of the 
latter. The presence of nonlinearities in the 
local dynamics, for example due to the 
inhibitor concentration, saturates the Turing 
instability into a stable and spatially 
inhomogeneous pattern. A model showing 
this kind of behavior was proposed by Gierer 
and Meinhardt and remains a paradigm for 
studies of activator–inhibitor systems (Gierer 
and Meinhardt, 1972, Gierer, 1981 & Koch 
and Meinhardt, 1994). 
Gierer and Meinhardt (1972) have shown that 
stable inhomogeneous patterns can be 
formed if the autocatalytic production of the 
activator is short-ranged, while the formation 
of the inhibitor is long-ranged. In other 
words, the self-enhancing process involving 
the activator is chiefly local, whereas the 
inhibitor should have a long-range behavior 
characterized by rapid spreading, producing 
activator removal at long distances (Gierer 
and Meinhardt, 1972). 
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Murray (1982) studied the dimensionless 
model of Gierer and Meinhardt (1972) and 
two other models as reaction diffusion 
models; the Thomas Mechanism and the 
Schnackenberg’s System. He showed that the 
major differences between these three 
models are in their parameter domain for 
diffusion driven instability.    
Ruan (1998) studied the dimensionless model 
of Gierer and Meinhardt model of 
morphogenesis and showed that the 
homogeneous equilibrium solution and the 
homogeneous periodic solution become 
diffusively unstable if the diffusion 
coefficients of the activator and inhibitor are 
suitably chosen, that is, diffusion driven 
instability occurs. 
Chen et al (2014) studied the reaction-
diffusion Gierer-Meinhardt system with 
saturation in the activator production. They 
also analyzed the stability of the unique 
positive constant steady state 
solution, and associated Hopf bifurcations 
and obtained  steady state bifurcations. In 
order to improve the understanding of 
dynamics of Gierer–Meinhardt system with 
saturation in different parameter regimes, 
they also obtained a global bifurcation 
diagram of non-trivial periodic orbits and 
steady state solutions with respect to key 
system parameters.  
Silva et al (2015) investigated activator–
inhibitor systems in two spatial dimensions 
with a non-local coupling, for which the 
interaction strength decreases with the 
lattice distance as a power-law. They 
derived, from linear stability analysis of the 

Fourier spatial modes, a set of conditions for 
the occurrence of a Turing instability, by 
which a spatially homogeneous pattern can 
become unstable and showed that in 
nonlinear systems the growth of these modes 
is limited and pattern formation is possible. 
They also studied some qualitative features 
of the patterns formed in non-local coupled 
activator–inhibitor systems described by the 
Gierer-Meinhardt equations. 
This paper intends to study the stability and 
diffusion driven instability of the 
homogeneous steady state of the 
dimensionalized version of the Gierer-
Meinhardt (1972) model of morphogenesis in 
its simplest form (having activator 
degradation). Furthermore, the study 
attempts to derive the conditions that make 
the steady state to be driven unstable if 
diffusion is present and then show the 
parameter domain where such instability 
occurs. 
2. Diffusion-Driven Instability 
A reaction diffusion system exhibits diffusion-
driven instability or Turing Instability, if the 
homogeneous steady state is stable to small 
perturbations in the absence of diffusion but 
unstable to small spatial perturbations when 
diffusion is present. The concept of 
instability in biology is often in the context 
of ecology, where a uniform steady state 
becomes unstable to small perturbations and 
the populations typically exhibit some 
temporal oscillatory behavior (Murray, 2003). 
Consider a two species reaction-diffusion 
system given by:

  
2 2

2 2
( , ) , ( , )

u u v v
f u v g u v d

t x t x

∂ ∂ ∂ ∂= + = +
∂ ∂ ∂ ∂

     (1) 

where d is a positive constant and the reaction terms f and g are such that a positive 

homogenous steady state 0 0( , )u v  exists. The homogeneous steady state is the solution of  

0 0 0 0( , ) g( , ) 0f u v u v= =      (2) 

 There are two kinds of reaction diffusion models capable of exhibiting Turing instability that 
can take any of the following forms (Dillon et al., 1992 and Benson et al., 1993): 

(i)        
+ − 
 + − 

             (ii)       
+ + 
 − − 

 

      Pure Activator-Inhibitor model   Cross Activator-Inhibitor model  
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By Britton (2003), for a pure activator 
inhibitor model, a pattern forms if the 
inhibitor diffuses faster than the activator. 
3. The Gierer-Meinhardt Model 

The Gierer-Meinhardt model is a reaction 
diffusion system that describes an activator 
inhibitor interaction. The model in its 
simplest form is given by 

( , )

( , )
t xx

t xx

u f u v u

v g u v dv

= + 
= + 

          

(3) 

where u is called the activator and v is the 
inhibitor, d is the diffusion coefficient of the 
inhibitor  which is assumed to be positively 

defined, ( , )f u v and ( , )g u v are the reaction 

functions which are defined by:  
 

2
2( , v) , ( , ) (4)

u
f u bu g u v u v

v
= − = −

 
where b is a positive constant which is the 

rate at which the activator u will degrade 
naturally.    

The system given in equations (3) is a pure 
activator-inhibitor model. The form of 
equations (4) has the activator u created 
autocatalytically and inhibited by the v in the 

term

2u

v
. The activator also activates its own 

inhibitor by the 
2u  term in ( , )g u v . The null 

clines of the system are given in the figure 1 
below.

 

 
Fig. 1: The Gierer-Meinhardt (1972) activator-inhibitor mechanism with reaction kinetics (4): 

null clines ( , ) 0, ( , ) 0f u v g u v= = , parameter value 2.5b = .   

 
The figure 1 also shows the steady state of 
the Gierer-Meinhardt system given by the 

intersection of the null clines f and g .  

 
 
 
 

 
4. Stability analysis of the Model 
In this section, linear stability analysis is used 
to study the stability of the system given in 
equations (3) in the absence of diffusion. In 
addition, conditions that will make the 
system to be unstable if diffusion is present 
will also be derived. 
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4.1 Stability without diffusion 
The diffusion less model is 

       

2
2,t t

u
u bu v u v

v
= − = −         (5) 

The steady state of (5) is given by 0 0( , )u v where 0 1u b=  and 
2

0 1v b= . The Jacobian matrix 

of the linearized system (5) is  
2

11 12

21 22
2

1

b ba a
A

a a
b

 −
   = =   −   

 

             

(6) 
and the characteristic equation is 

2
11 22 11 22 12 21( ) ( ) 0a a a a a aλ λ− + + − =             

(7) 

To guarantee stability in the absence of diffusion, Re( ) 0λ <  is required. That is,  

11 12 0a a+ < and 11 22 12 21( ) 0a a a a− >              

(8) 

It should be noted that from (6), 11 0uf a b= = > and 22 1 0vg a= = − < .  The eigenvalues of (7) 

are given by 

2

1,2

( 1) [ ( 1)] 4

2

b b bλ − ± − − −
=           

(9) 
 

and from (9), 1,2Re ( ) 0λ <  when 1b < . The 

diffusion less model (5) corresponds to 
equations (4) which are the reaction kinetics 
of the Gierer-Meinhardt system. Since 
diffusion is absent in the system, the 
reaction kinetics cannot have oscillatory 

solutions if 1b < .  

Remark 1: When 1b =  in equation (9), 

( ) 0tr A = and det 0A > , the eigenvalues 

become purely imaginary. These conditions 

indicate the onset of oscillations through a 
Hopf bifurcation. 
4.2 Diffusion-driven instability for the 
Gierer-Meinhardt Model 

To solve for the eigenvalues
2( )kλ λ= , the 

eigenvalue problem has to be evaluated and 
the characteristic polynomial for Gierer-
Meinhardt system is solved (Ruan, 1998, 
Britton, 2003 and Murray, 2003).

 

Let 
2M A k D= −  where 

11 12

21 22

a a
A

a a

 
=  
 

 and
1 0

0
D

d

 
=  
 

 . Then 

2
11 12

2
21 22

a k a
M

a a k d

 −
=  − 

  

The eigenvalue equation is 0M Iλ− = whose determinant is given by 
2

11 12
2

21 22

0
a k a

a a k d

λ
λ

− −
=

− −
 

This implies  
2 2 2

11 22[( ) (1 )] ( ) 0a a k d kλ λ ϕ− + − + + =    (10) 

where 
2 4 2

11 22 11 22 12 21( ) ( ) ( )k dk da a k a a a aϕ = − + + − .      (11) 

It follows that  
2 ( ) det 0tr M Mλ λ− + =  

 with   

2

1,2

( ) ( ( )) 4det

2

tr M tr M Mλ ± −
=       (12) 
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where 
2

11 12( ) ( ) (1 )tr M a a k d= + − + and 
2det ( )M kϕ= . Since 

2 (1 ) 0k d+ > , then ( ) 0tr M < . 

In order for Re( ) 0λ > , we need 
2det ( ) 0M kϕ= < . The value of ϕ that will yield this 

outcome is found when 0minϕ < . Differentiating 
2( )kϕ with respect to 

2k , we have 

2 2
11 22( ) 2 ( )k dk da aϕ ′ = − +       (13) 

Thus, we find minϕ when 
2 11 22

2

da a
k

d

+= .  

By substituting 
2k into the expression for

2( )kϕ , we have for min 0ϕ < , 

2
11 22

11 22 12 21

( )

4

da a
a a a a

d

+− <       (14) 

Therefore, min 0ϕ = is a bifurcation value of diffusion driven instability. At the bifurcation 

pointϕ , we can find a critical value for the diffusion coefficient, cd given by 

2 2 2
11 12 21 11 22 222(2 ) 0c cd a a a a a d a+ − + =       (15) 

and hence the critical wave number using equation (14) with cd d=  is given by  

2 11 22

2
c

c
c

d a a
k

d

+=         (16) 

Note: By requiring
2( ) 0kϕ < , a necessary condition for diffusion-driven instability is 

11 22 0, 1da a d+ > > .       (17) 

The following condition is necessary but not sufficient for diffusion driven instability  
2

11 22 11 22 12 21( ) 4 ( )da a d a a a a+ > −       (18) 

Therefore, the conditions for diffusion-driven instability are given by (8), (17) and (18).  
  
To find the parameter domain for diffusion driven instability, conditions (8), (17) and (18) are 

applied. First apply condition (8) on the Jacobian (6) to get 1b < and 0b >  respectively which 

when combined gives0 1b< < . 
Similarly, applying conditions (17) and (18) on the Jacobian yields 

    1bd >          (19) 
and  

3 2 2, 3 2 2bd bd> + < −         (20)   

The second of (20) violates (19). So 3 2 2bd > + . Therefore, the parameter domain where 
diffusion driven instability occurs (also called the domain of marginal Turing Instability) is 

given by 0 1b< < and 3 2 2bd > + . The parameter space where Turing instability occurs is 
sketched in the fig. 2 below. 
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Fig. 2: The ( , )b d  parameter space where diffusion driven instability occurs for the system (4). 

It is also called the curve of marginal Turing Instability.  
 

Figure 2 above shows the ( , )b d  
parameter 

space where diffusion-driven instability 

occurs with stable region given for 0d > and 

the unstable region for 0d < . It should also 
be noted that the diffusion decreases with 
increase in the degradation rate of the 

activatorb .  
An additional requirement that is of 
importance for diffusion-driven instability to 
occur within the given domain in order for a 
spatially unstable pattern to form is the 
existence of the critical wavenumber 
(Murray, 2003).  
At the bifurcation to this instability, the 
critical wavenumber using (16) is given by  

2 11 22 1 1 2

2 2
c

c
c

d a a db
k

d d d

+ − += = =  

           
(20) 

Suppose for example the parameter 2.5b = . 
To compute the critical wavenumber using 
equation (20), it should be noted that the 
elements of the Jacobian matrix of the 
linearized system given by (6) will become

11 12 21 222.5, 6.25, 0.8, 1a a a a= = − = = −
.Therefore using equation (15), a critical 

value for the diffusion coefficient 2.33cd =
 

or 0.07.cd =  Hence, taking 2.33,cd = the 

critical wavenumber 1.02ck = . 

Remark 2: The second critical diffusion given 

by 0.07cd =  not considered in the example 

above does not yield a real critical 
wavenumber.  
5. Conclusion 
In this paper, a reaction-diffusion model, the 
simplest version of the Gierer-Meinhardt 
system was considered. It is seen from figure 
1 that for a pattern to form, the inhibitor 
must diffuse faster than the activator. It is 
shown that the reaction kinetics cannot 
exhibit oscillatory behavior when the 
degradation rate of the activator is less than 
one. Linear stability analysis was used to 
examine the eigenvalues of the positive 
steady states of the diffusionless system. In 
the presence of diffusion, the conditions for 
instability of the system were derived using 
linear stability analysis. The parameter 
domain where such instability occurs was also 
found. Finally, the value of the critical wave 
number to such instability was also obtained.  
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